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In this work, we follow Kim and Yamada [JHEP 1107 (2011) 120] and utilize AdS in light-cone frame to
derive thermodynamical properties of two kinds of Schrödinger black holes with hyperscaling violation.
In that case, we show entropy and temperature are depend on θ . In θ = 0 we see our results are agree
with the work of Kim and Yamada. We also construct R-charged black hole with hyperscaling violation
and obtain thermodynamical properties.
© 2013 Elsevier B.V. Open access under CC BY license.1. Introduction
As we know the AdS/CFT correspondence is a powerful tool to
study strongly coupled ﬁeld theory [1]. Recently, the extension of
AdS/CFT in non-relativistic with dynamical exponent z = 1 [2–4]
in the context of Schrödinger holography for Lifshitz background
studied by Ref. [5]. In the recent years, various backgrounds ap-
plied condensed matter by using the holographic method. In that
case, the simple generalization is to consider metric background
dual to scale-invariant ﬁeld theories and non-conformal invari-
ance [6]. So, a metric background introduced as the following,
ds2 = −dt
2
r2z
+ (dr
2 + dx2i )
r2
, (1)
which is invariant under the following scaling,
t → λzt, xi → λxi, r → λr. (2)
In order to describe gravity as a toy model of condensed matter
systems, we need to generalize the AdS background.
Recently, Lifshitz-type theories with hyperscaling violation in-
cluding an abelian gauge and scalar-dilaton ﬁeld discussed and the
corresponding metric will be as
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[
−αr−2(z−1) dt2 + dr2 +
d∑
i=1
dx2i
]
. (3)
We note the metric background includes a dynamical critical ex-
ponent z and a hyperscaling violation exponent θ , also d is the
number of transverse dimensions. This metric is not scale invari-
ant [6,7], but transforms as
ds → λ θd ds. (4)
Hyperscaling is a feature of the free energy based on naive di-
mension. For the theories with hyperscaling, the entropy behaves
as S ∼ T d/z where T , d and z are temperature, number of spa-
tial dimensions and dynamical exponent respectively. Hyperscaling
violation ﬁrst mentioned in context of holographic in Ref. [8]. In
this context, the hyperscaling violation exponent θ is related to
the transformation of the proper distance, and its non-invariance
implies the violation of hyperscaling of the dual ﬁeld theory. Then,
the relation between the entropy and temperature has been mod-
iﬁed as S ∼ T (d−θ)/z .
In general, D ≡ d − θ in a theory with hyperscaling violation
plays the role of an effective space dimensionality for the dual
ﬁeld theory. Inspired by the recent developments, we introduce
Schrödinger-type systems with Galilean invariance for arbitrary dy-
namical exponent z with hyperscaling violation exponent θ . The
metric for (d+ 3)-dimensional Schrödinger-type theory is given by
ds2 = r−2+ 2θd
[
−αr−2(z−1) dt2 + dr2 − 2dt dξ +
d∑
dx2i
]
. (5)i=1
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ponent is necessary. The metric (5) is invariant under the transla-
tions, rotations and Galilean boost, which is following form,
x → x− νt, ξ´ = ξ + 1
2
(
2ν.x− ν2t), (6)
where the vectors are d-dimensional and have the following scale
transformation,
t → λzt,
ξ → λ2−zξ,
x → λx,
r → λr. (7)
The metric background (5) is not invariant, but transforms covari-
antly ds → λθ/d ds which is a deﬁning property of hyperscaling
violation in holographic language. In general we can say that theo-
ries with hyperscaling violation has a dimensionful scale that dose
not decouples in the infrared. For this purpose, we use proper
powers of this scale which will be denoted by rF to restore naive
dimensional analysis and to avoid divergency.
We will follow an effective holographic approach in which the
dual theory lives on a ﬁnite r slice. Thus, the metric background
(5) provides a good description of the dual ﬁeld theory only for
a certain range of r, presumably for r  rF anticipating the appli-
cations at the low energy regions. The above information lead us
to particularly work on Schrödinger-type systems with hyperscal-
ing violation by considering ﬁnite temperature generalizations on
α = 0 case. There exist a viable candidate for geometric realization
of the Schrödinger holography, called AdS in light-cone frame ALCF
[3,4,9] for the case of α = 0.
The Schrödinger symmetry can be geometrically realized in the
pure AdS space without a deformation which are discussed by
Goldberger [3], Barbon and Fuertes [4]. They projected the theory
onto a ﬁxed momentum in one of the light-cone directions and
identiﬁed the other light-cone coordinate as the time of the re-
sulting non-relativistic theory. In addition to these two important
operations, Refs. [9,10] used light-cone coordinates with particular
normalization even for the zero-temperature case as
x+ = b(t + x),
x− = 1
2b
(t − x). (8)
So, we give ﬁrst boost in the x-direction with rapidity logb and
then go to the light-cone coordinates. The parameter b exactly
matches the extra parameter generated in the Null Melvin Twist.
Also we assign b = −1 so that the dynamical exponent z = 2, so
we have [x+] = −2 and [x−] = 0. Therefore, in order to have the
non-relativistic theory we have to do scaling dimensions of light-
cone coordinates, momentum projection and re-interpretation of
time. To express more clearly, a possible dual of a non-relativistic
ﬁeld theory can be pure AdS space in light-cone coordinates with
the three mentioned procedures.
The hyperscaling violation already studied for various goals. For
example, in Ref. [11] the hyperscaling violation for scalar black
holes studied. Also, Ref. [12] studied thermodynamics of string
black hole with hyperscaling violation, and Lifshitz metric with
hyperscaling violation have been studied in Ref. [13]. In the in-
teresting work [14], strongly coupled theories with hyperscaling
violation have been studied by using holography, where some im-
portant quantities such as Wilson loop and drag force [15] calcu-
lated.In this Letter, we follow the direction of Ref. [10] and utilize
ALCF procedure for driving thermodynamic and transport proper-
ties of two kinds of Schrödinger black hole solutions with hyper-
scaling violation. In Section 2, we derive thermodynamics of planar
Schrödinger black hole with hyperscaling violation for the case of
α = 0 and z = 1. We show that all thermodynamics properties of
system depend on θ and in limit of θ = 0 we recover results of
Ref. [10]. In Section 3, we look a metric background that be solu-
tion of R-charged black hole with hyperscaling violation. In order
to have a physically reasonable theory, we impose null energy con-
dition so that in r = rF we receive some condition on θ . Next, we
obtain thermodynamical properties of R-charged black hole and
observe these properties in the limit of θ = 0 are identical to the
results of Ref. [10].
2. Planar black holes with hyperscaling violation
In order to discuss thermodynamics of a black hole solution
with hyperscaling violation, we use the method of Refs. [10,16]
for planar AdSd+2 black hole in the light-cone coordinates with
the hyperscaling violation. In that case the corresponding (d + 2)-
dimensional action of gravitational system is given by [17]
S = − 1
16πG
∫
dd+2x
√−g
[
	 − 1
2
(∂φ)2 + V (φ)
]
− 1
8πG
∫
dd+1x
√−γ(K + d
R
+ R
4
	
)
, (9)
where φ is dilaton ﬁeld and the symbols g , 	 and R are deter-
minant of the metric, scalar curvature (Ricci scalar) and length
scale of the theory, respectively. Boundary terms are also included
in (9) and γ denotes the determinant of boundary metric. The ﬁrst
term is Gibbons–Hawking term [18] with the trace of the boundary
second-fundamental form K and the second and third terms are
standard ﬁve-dimensional counterterms of Balasubramanian and
Kraus [19] with the (intrinsic) scalar curvature of boundary 	.
The black hole solution with hyperscaling violation from the
action (9) for (d + 2)-dimensional case can be written as [6,17]
ds2d+2 =
(
rF
r
) 2θ
d
{(
r
R
)2[−hdt2 + dx2i ]+
(
R
r
)2
h−1 dr2
}
,
h = 1− r
d+1−θ
H
rd+1−θ
, (10)
where i = 1, . . . ,d, r = rH is location of horizon and r = rF is
boundary. We should here note that the line element (10) is ex-
actly metric of Ref. [6] under transformation r ∼ 1/r and setting
z = 1.
As mentioned before, we use the light-cone coordinates as
x+ = b(t + x1), x− = 1
2b
(t − x1). (11)
In this case the metric background will be as
ds2d+2 =
(
rF
r
) 2θ
d
[(
r
R
)2(1− h
4b2
dx+2 + (1− h)b2 dx−2
− (1+ h)dx+ dx− + dx2j
)
+
(
R
r
)2
h−1 dr2
]
, (12)
where j = 2, . . . ,d. In order to have the non-relativistic limit we
re-interpret one of the light-cone coordinates x+ as the time. So,
the ADM form of metric background is
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(
rF
r
) 2θ
d
[(
r
R
)2( −h
1− hb
−2 dx+2
+ (1− h)b2
(
dx− − 1
2b2
1+ h
1− h dx
+
)2
+ dx2j
)
+
(
R
r
)2
h−1 dr2
]
. (13)
By using the above metric, one can obtain N (laps function),
V i (shift function) and the horizon velocity (which can be inter-
preted as chemical potential) in the unit of x− as
N = r
θ
d
F r
1− θd
bR
√
h
1− h ,
V− = − 1
2b2
1+ h
1− h ,
ΩH = 1
2b2
. (14)
For calculating the projections, we obviously need to construct the
following normal vectors to the surface
nμ = R
r
h−
1
2
(
rF
r
) θ
d
(0,0,0,0,1, . . .),
uμ = −N(1,0,0,0,0, . . .) (15)
where nμ and uμ are timelike and spacelike boundary surface nor-
mals with the components ordering (+,−,2,3, . . . ,d, r) respec-
tively. So, the projections in four-dimensional timelike boundary
and three-dimensional intersection surface are given by
γμν = gμν − nμnν, σμν = gμν − nμnν + uμuν . (16)
At the ﬁrst, we use stress-energy–momentum tensor and obtain
the thermodynamical properties of system. In that case the corre-
sponding stress-energy–momentum tensor will be as
Tij = −2√−γ
δ Ibdy
δγ i j
= 1
8πGd+2
(
Kij − γi j K − d − θ
R
γi j + R2 G(d+1)i j + · · ·
)
, (17)
where Kμν = −nν;μ , and G(d+1)i j is the Einstein tensor with re-
spect to the metric γi j and also i, j ∈ {+,−,2, . . . ,d}. The Tij eval-
uated at the boundary of the solution (12) and then the boundary
is moved to rF . For the stress-energy–momentum tensor, in a the-
ory with hyperscaling violation, it seems that d changes to d − θ .
We can see this state in the third term of right-hand side of
Eq. (15). This correction together with cutoff rF help us to avoid
divergency in the thermodynamical quantities.
The energy-momentum tensor (17) is used to obtain total mass,
M =
∫
ddx
√
σ
(
N − V a ja
)
, (18)
where
 = uiu j T i j,
ja = −σaiu j T i j, (19)
with a,b ∈ {−,2, . . . ,d}. Also one can obtain total particle number,
J =
∫
ddx
√
σ jaφ
a, (20)
where φa = (1,0,0, . . . ,0) is the Killing vector ﬁeld.The entropy of system is given by
S = A
4πGd+2
. (21)
As we know the temperature can be derived through the computa-
tion of surface gravity [20]. According to Eq. (17), for metric back-
ground (12), we have following expressions of the surface gravity
K++ = −h
1
2 (−2θd + 1+ θ − d)r
θ
d
F r
d+1−θ
H r
−θ
d +1+θ−d
8R3b2
, (22)
and
K+− = h
1
2 r
θ
d
F
R3
[(
1− θ
d
)
r2−
θ
d
− (
−2θ
d + 1+ θ − d)
4
rd+1−θH r
− θd +1+θ−d
]
. (23)
Also one can obtain the extrinsic curvature term K−− = 4b4K++ .
So, one can write M and J in terms of K+− and K++ as
J = −Vdr
θ
F r
θ
d −1−θ+db2
8πGd+2Rd−1h
1
2 r
θ
d
F
[
2(1+ h)b2K++ + (1− h)K+−
]
, (24)
and
M = Vdh
1
2 r
3θ
d +θ
F r
3(1− θd )+d−θ
8πGd+2Rd+3
[
− (1− h)
4b2
K++ + (1+ h)
2
K+−
− h
1− hγ
++
(
K + d − θ
R
)]
, (25)
where
γ ++ = −(1− h)R
2b2
hr
2θ
d
F r
2(1− θd )
, (26)
and
K = (
r
rF
)
θ
d h
1
2
R
[(−2θ
d
+ 1+ θ − d
)
1− h
2h
−
(
1− θ
d
)(
1
h
+ d
)]
.
(27)
Eliminating components of surface gravity gives the thermodynam-
ical quantities of planar Schrödinger black hole with hyperscaling
violation as the following,
S = Vdr
θ
F r
d−θ
H b
4Gd+2Rd
, β = 4π R
2b
rH (d + 1− θ) , (28)
and
J = −Vdb
2
4πGd+2Rd+2
[
d + 1− θ
4
rθF r
d+1−θ
H
]
. (29)
Also,
M = Vd
8πGd+2Rd+2
[
d − θ − 1
4
rθF r
d+1−θ
H
]
. (30)
One can check that the thermodynamical quantities (28)–(30) to-
gether with Eq. (14) satisfy the ﬁrst law of thermodynamics, dM =
T dS + ΩH d J .
It is important to note that in case of θ = 0 and d = 3 we
receive the results of Ref. [9] for planar Schrödinger black hole
without hyperscaling violation. Therefore, we success to obtain
thermodynamical quantities in presence of hyperscaling violation.
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θ . So,
because of rF > rH , one can ﬁnd that the effect of hyperscaling
violation is increasing the entropy.
Now we are going to investigate thermodynamical properties of
system with the variation of θ . First we consider D = d− θ = 1, so
we have
S = Vdr
d−1
F rHb
4Gd+2Rd
, β = 2π R
2b
rH
, (31)
and
J = −Vdr
d−1
F r
2
Hb
2
8πGd+2Rd+2
,
M = 0. (32)
It means that the black hole mass vanishes which is expected for
the one-dimensional case (D = 1).
At the second, we consider D = d − θ = 2 and obtain
S = Vdr
d−2
F r
2
Hb
4Gd+2Rd
, β = 4π R
2b
3rH
, (33)
and
J = −3Vdr
d−2
F r
3
Hb
2
16πGd+2Rd+2
,
M = Vdr
d−2
F r
3
H
32πGd+2Rd+2
, (34)
which is corresponding to 2-dimensional case (D = 2). Finally we
conclude that D = d − θ  2 is necessary to have a black hole.
For the special case of θ = d + 1 the corresponding h will be
zero, so in this case we don’t have any particles. It may be in-
teresting to involve the cases with negative θ , in that case there
are some diﬃculties to analyze energy scale. In the next section
we will derive the deformed R-charged black hole metric with hy-
perscaling violation, then we impose null energy condition and
compute the thermodynamical quantities in the θ = 0 case.
3. R-charged black holes with hyperscaling violation
In this section, ﬁrst we construct R-charged black hole back-
ground with hyperscaling violation, then discuss thermodynamics
of system and obtain entropy.
3.1. R-charged black holes
Generally, the R-charged black hole have three independent
charges and charged black hole are static solutions of N = 2 super-
gravity. The thermodynamical properties for general charge conﬁg-
uration obtained by ALCF procedure in Ref. [9].
In the ﬁrst step we want to ﬁnd the form of R-charged black
hole with hyperscaling violation, in that case we consider the
bosonic part of the effective gauged supersymmetric N = 2 La-
grangian which describes the coupling of vector multiples to su-
pergravity [20]
e−1L=
(	
2
− 1
2
gxy∂μφ
x∂μφ y − 1
4
aI J F
I
μν F
μν J − g2V (φ)
+ e
−1
48
μνρσλCI J K F
I
μν F
J
ρσ A
K
λ
)
, (35)
where e = √−g is the determinant of veilbein, 	 is the Ricci
scalar, gxy is a metric on the scalar manifold, aI J is a kinetic gauge
coupling of the ﬁeld strength and g is a constant gauge coupling,gxy , aI J and V (φ) are functions of scalar ﬁeld φ. The variation of
Lagrangian (35) with respect to gxy , φx and F Iμν gives the ﬁeld
equations of motion. So, a solution of the equation help us to take
the following ansatz for the corresponding metric background,
ds2d+2 = −a(r)2 dr2 + b(r)2 dt2 + c(r)2 ds2d,k,
ds2d,k = g¯i j dxi dx j (i, j = 1,2, . . . ,d), (36)
and the Ricci tensor for the metric g¯i j will be following form,
	¯i j = k(d − 1)g¯i j. (37)
The curvature constant k can be positive, zero or negative corre-
sponding to three different geometries of hypersurface. k = 1 de-
notes the d-dimensional sphere, k = 0 denotes the d-dimensional
ﬂat space and k = −1 denotes the d-dimensional hyperbolic space.
They can be described by following equation,
ds2d =
⎧⎪⎨
⎪⎩
dΘ2 + sin2 Θ dΩ2d−1, k = +1,
dΘ2 + Θ2 dΩ2d−1, k = 0,
dΘ2 + sinh2 Θ dΩ2d−1, k = −1.
(38)
We can solve equations of motion with the following relation,
lna + lnb + ln c +
(
3
θ
d
− 1
)
ln r = (d − 3)U , (39)
where
lna = U − 1
2
ln f − θ
d
ln r,
lnb = −(d − 1)U + 1
2
ln f − θ
d
ln r,
ln c = U +
(
1− θ
d
)
ln r, (40)
and also
f = −k + μ
rd−θ−1
− g2r2e2dU . (41)
By inserting these relations into equations of motion we have the
following equation,
U ′′ + (d − 1)U ′2 +
[
d − θ
d
(d − 2)
]
U ′
r
−
θ
d (
θ
d − 1)
r2
= 0. (42)
consequently for d + 2 = 5, we have
e2U = HI =
(
rF
r
) θ
3
+ qI
r
2θ
3
F r
2(1− θ3 )
, (43)
and the form of metric background with hyperscaling violation can
be written as
ds25 =
(
rF
r
)2 θ3 [
f e−4U dt2 − f −1e2U dr2 + r2e2U ds23
]
. (44)
We deﬁne following expressions,
e6U = H = H1H2H3 =
(
rF
r
)θ
+ Q 1
r2
+ Q 2
rθF r
4−θ +
Q 3
r2θF r
6−2θ , (45)
where Q 1 = q1 + q2 + q3, Q 2 = q1q2 + q2q3 + q1q3, and Q 3 =
q1q2q3. So, similar to Ref. [10] one can rewrite the metric (44) for
R-charged black hole as
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(
rF
r
)2 θ3 [ r2
R2
H
1
3
(−hdt2 + η2k + dχ2k )+ R2r2 H− 23 dr
2
h
]
,
(46)
where
h = 1+
(
R
r
)2{
k −
(
r0
r
)2−θ}
H−1,
f = r
2
R2
Hh,
μ = r2−θ0 . (47)
We introduce parameter rH as the location of horizon in the r co-
ordinate such that it is the largest root of h = 0. According to the
value of k which introduced before, we have
η+1 = R
2
(dψ + cosΘ dϕ),
η−1 = R
2
(dψ + coshΘ dϕ),
η0 = dx, (48)
and dχ2k are identical to the relation (38). By using the above
information, we are ready to derive thermodynamical properties
for this kind of black hole with hyperscaling violation with ALCF
procedure. However, ﬁrst we are going to investigate null energy
condition and study some constraints. After generating a particu-
lar solution with hyperscaling violation for R-charged black hole
the physically sensible dual ﬁeld theory give us motivation to look
for some constraints. In order to obtain such constraints on (46) in
the presence of negative cosmological constant [21], the null en-
ergy condition (NEC) must be satisﬁed [6,7];
TμνN
μNν  0. (49)
The null vectors are relevant together with NμNμ = 0 and they
have the following deﬁnition,
Nt = 1√
hH
1
6 r1− θ3
,
Nr =
√
h cosφ
H
−1
3 r−1− θ3
,
Ni = sinφ
H
1
6 r1− θ3
, (50)
where φ = 0 or π/2. From this, we can get two independent null
energy condition in the limit of r = rF as
θ  0.365,
θ  1.315, (51)
with (1− θ2 )2  0. The second condition is always maintained and
the ﬁrst gives new ranges rather than what derived before. How-
ever, they are also realized in the sting theory construction.
3.2. Thermodynamical quantities
The thermodynamical quantities of the R-charged black holes
with hyperscaling violation can be derived by similar way of Sec-
tion 2. The normal vectors of hypersurfaces and the projection
tensors are deﬁned similarly as before. In order to obtain a metric
in light-cone coordinate we proceed as Ref. [10] and take following
coframe,ω+ = b(dt + ηk), ω− = 12b (dt − ηk),
ωk = ωr = dr, (52)
where
ω0 = (dy,dz), ω+1 = R
2
(dΘ, sinΘ dϕ),
ω−1 = R
2
(dΘ, sinhΘ dϕ), (53)
are given by Ref. [18]. Therefore our desired form of metric for the
θ = 0 case is gained,
ds2 =
(
rF
r
) 2θ
3
[(
r
R
)2
H
1
3
(
1− h
4b2
ω+2 + (1− h)b2ω−2
− (1+ h)ω+ω− + ω2k
)
+
(
R
r
)2
H−
2
3 h−1ωr2
]
. (54)
So, the ADM form of the metric obtained as the following,
ds2 =
(
rF
r
) 2θ
3
[(
r
R
)2
H
1
3
( −h
1− hb
−2ω+2
+ (1− h)b2
(
ω− − 1
2b2
1+ h
1− hω
+
)2
+ ω2k
)
+
(
R
r
)2
H−
2
3 h−1ωr2
]
. (55)
By using above metric as before one can obtain
N = r
θ
3
F
r1− θ3
R
H
1
6
√
h
1− hb
−1,
V− = − 1
2b2
1+ h
1− h ,
ΩH = 1
2b2
. (56)
It is necessary to remark that our boundary action for this case is
completely similar to the action (9), except that we must add the
Liu–Sabra counterterm [21] which is corresponding to the variation
of the renormalization scheme in the dual ﬁeld theory. So, we have
Sboundary = − 18πG5
∫
d4x
√−γ(K + 3
R
+ R
4
	4 + φ
2
2R
)
, (57)
where,
φ2 = 1
6
{
3
(
ln
H1
H2
)2
+
(
ln
H1H2
H23
)2}
= 1
6r4
(
3(q1 − q2)2
r
4θ
3
F r
−4θ
3
− (q1 + q2 − q3)2
)
, (58)
is a new term which added to the boundary action of (9). Eq. (58)
for r = rF reduced to the following expression,
φ2 = 1
r4
(
2
3
(Q 1)
2 − 2Q 2
)
. (59)
We calculate stress-energy tensors from the on-shell value vari-
ation of the above boundary action. For the cases k = ±1 they
should be computed in the non-coordinate bases [9] and the
masses and momenta are obtained by the Brown–York procedure.
The entropy and temperature are obtained from the metric ex-
pressed in the above coframes. In addition, we are interested in
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Gauss law,
Ni = lim
r→rF
−1
16πG5
∫
ω∧3
√
σnμuν F
μν
i , (60)
and the chemical potentials are given by the ﬁrst term of following
equation [10],
Ai(r = rF ) = gi
r
2− θ3
H r
θ
3
F + qir
2 θ3
H r
−2 θ3
F
[
ω+
b−1
+ b
(
ω− − ω+ 1
2b2
)]
,
(61)
where gi are U (1)3 charges which are dependent on parameter θ ,
gi = r
θ
3
F
(
qi
[
kqi
(
1− θ
6
)
+ r20
(
1− k7θ
6
)]
+ θ
[
k
6
r4F + r2F −
r2−θ0
6
(
rθ−2F +
r2F
2
)
+O(θ2)])
1
2
. (62)
Hence, we obtain the thermodynamical quantities as
J = −V3
8πG5R3
[
(2− θ)r2−θ0 rθF +
(
1− θ
2
)
k
(
4
3
Q 1 − r2F
)]
, (63)
and
M = V3
8πG5R3
[
1
2
(1− θ)r2−θ0 rθF +
(
1− θ
3
)
k
3
Q 1
−
(
1− 3
4
θ
)
kr2F +
θr4F
2R2
+ 4r
2
F
9R2
θQ 1 − (3− θ)|k|R
2
8
]
, (64)
also,
μi = gi
r
2− θ3
H r
θ
3
F + qir
2 θ3
H r
−2 θ3
F
b−1, (65)
and
Ni(r) =
gi V3b(1− θ6 )
8πG5R3
. (66)
Then, entropy is obtained as the following,
S = r
3−θ
H H
1
2
H V3b
4G5R3
, (67)
and inverse of temperature is given by
β = π
√
H(rH )R2b
rH Qk
, (68)
where
Qk =
(
1− θ
2
)[(
rF
rH
)θ
+ Q 1 + kR
2
2r2H
− Q 3
r6−2θH r2θ
]
. (69)
We can see that the effect of hyperscaling violation on the en-
tropy is a factor r−θH , therefore in the case of rH > 1 the hyper-
scaling violation effect is decreasing entropy while in the case
of rH < 1 the hyperscaling violation effect is increasing the en-
tropy. One can investigate that whether thermodynamical quanti-
ties listed in Eqs. (63)–(68) satisfy the ﬁrst law of thermodynamics
dM = T dS + ΩH d J + Σiμi dNi or not. It seems that by choosing
appropriate values of the black hole charge we get the ﬁrst lawof thermodynamics. However this point may be considered for the
future work.
For the case of rF = R/
√
2 Eqs. (62) and (63) give the following
results,
J = −V3
4πG5R3
(
1− θ
2
)[
r2−θ0
(
R√
2
)θ
+ 2k
3
Q 1 + |k|R
2
4
]
,
M = V3(1− θ)
16πG5R3
[
r2−θ0
(
R√
2
)θ
+ 2k
3
Q 1 + |k|R
2
4
]
. (70)
For θ = 0 we see that the results completely agree with Ref. [10]
for R-charged black hole.
4. Conclusion
In this Letter, we extended Ref. [10] and obtained thermody-
namical properties of two kinds of Schrödinger black holes with
hyperscaling violation. We have shown that all thermodynamical
properties of system depend on θ . In the ﬁrst case we found that
the hyperscaling violation increased the entropy by ( rFrH )
θ . We con-
ﬁrmed that our results in θ = 0 limit are agree with the work of
Kim and Yamada [10]. In that case we found that the ﬁrst law of
thermodynamics satisﬁed by thermodynamical quantities.
We also constructed the solution of R-charged black hole with
hyperscaling violation and also imposed the null energy condition
in r = rF , so we received some condition on the θ . For the solu-
tion of R-charged black hole, also we obtained thermodynamical
properties depend on θ . In that case we found that modiﬁcation of
entropy due to hyperscaling violation is depend on r−θH . In the case
of θ = 0 the thermodynamical properties of system completely
agree with Ref. [10]. In the special case of θ = 2 one can check
that the ﬁrst law of thermodynamics satisﬁed with the thermody-
namical quantities under the effect of hyperscaling violation.
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